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ABSTRACT

The formulation of a multi-level spectral model suitable for simulation of atmospheric flow on a hemispheric
or global scale is presented. The derived primitive equations are employed together with spectral-grid trans-
form procedures in the multi-level domain. An efficient semi-implicit time integration scheme is detailed
and results of numerical integrations initialized from analytic fields and Southern Hemisphere data sets are

presented.

A simple initializing device of divergence dissipation is suggested and shown to be most effective in
eliminating spurious large-scale inertia-gravity oscillations.

1. Introduction

A numerical model of atmospheric flow is being
developed to study global-scale dynamics and nu-
merical weather prediction. The dynamic variables of
the primitive meteorological equations are specified
spectrally in the horizontal at each vertical level. The
model is formulated in terms of the derived primitive
equations extending the author’s earlier formulation
(Bourke, 1972, subsequently denoted as I). The model
development has followed from the recent emergence
of efficient methods of spectral multiplication as de-
scribed by Crszag (1970) and Eliasen et al. (1970).
The improved efficiency arises from the use of spectral
grid transforms.

The spectral method has been commonly invoked
to integrate filtered baroclinic models of the atmo-
sphere: Kikuchi (1969) and Baer and Alyea (1971),
for example. Robert (1966) applied the spectral method
to a multilevel primitive equation model avoiding the
complexity of interaction coefficients by use of modi-
fied harmonic functions. The advent of spectral grid
transform procedures has now enlarged the capability
and potential of the spectral method and at the present
time several research groups are developing primitive
equation spectral models employing these transform
algorithms; Machenhauer and Daley (1972) are cur-
rently developing a primitive equation model incor-
porating a spectral representation in the wvertical
thereby generalizing to three dimensions their earlier
formulation (Machenhauer and Rasmussen, 1972).

The present study demonstrates the efficiency and
capability of the spectral method in modeling the
atmosphere as a multilayered fluid on the sphere.
The formulation of a model pertaining to a dry,
adiabatic fluid considered at five vertical levels is

presented together with details of an algorithm for
implementing semi-implicit integration of the model.
The model behavior with respect to both the usual
diagnostic integrals and its predictive capability in
the Southern Hemisphere are discussed. A simple
initializing procedure has been developed and its per-
formance is compared to other techniques.

2. Model formulation

The dynamics of the dry adiabatic atmospheric fluid
may be described in terms of the following equations for
momentum, thermodynamics, continuity and the hy-
drostatic relation

av
—= — fkXV—V®—RTV Inp,+F (1)
¢
dT RT /¢ 8¢
_=_<____v.v> )
dt ¢y \o do
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Here the vertical coordinate system of Phillips is
employed; the vertical coordinate being defined as
o= p/px where p, denotes the surface pressure and p
the pressure within the atmospheric fluid. V is the
horizontal wind vector with eastward and northward
components of # and v respectively, T is the absolute
temperature, ® is the geopotential height, f is the
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Coriolis parameter, R is the gas constant for dry air,
F is the horizontal frictional force, k is the vertical
unit vector, V is the horizontal gradient operator,
¢ is the total time derivative of ¢, ¢, is the specific
heat at constant pressure for dry air and d/d¢ is the
total time derivative.

The formulation of I is now paralleled in the fol-
lowing. The prognostics for the vertical component
of relative vorticity and the horizontal divergence are
found to be

o ' av
52 _v.(g+f)V_k-V><<RT’Vq+&—+F) )

do
oD av
——=k- VX(E—f-f)V——V‘ <RT’Vq-}-a‘—.+F>
ot oo
— VX&' -RTog+1V-V). (6)

The thermodynamic and continuity equations simi-
larly expanded are

oT RT do

—_—= —V-VT’+T’D+&7——<D+—> ()
a! Cp da

dq da ‘
—=—D——V-Vg. (8)
at do

Here ¢ is the vertical component of relative vorticity
k-VXV, D is the horizontal divergence V-V, ¢ denotes
Inp,, v is the static stability defined as RT/oc,
—0T/d0. The subscripted zero denotes a horizontal
mean value and the superscripted prime the deviation
from that mean.

Upon defining the wind vector V in terms of a
streamfunction ¢ and a velocity potential X as

V=kXW+VX, 9)
the quantities £ and D are seen to be expressible as
t=k-VXV=V%,

D=v-V =VX.

Vertical integration of the continuity equation with
boundary conditions ¢=0 at =1 and ¢=0 yields the
prognostic

i . _
—=D+4V-vg (10)
ot
and the diagnostic
6={(1—0)D—D"}+{(1—c)V-V'}. Vg, (11)
where
()= / ( Yor and (3= / ( Yoo, (12)
o=1 g=1
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With the further substitutions U=u cos¢, V=1 cosg,
Egs. (5) to (8) may be expanded in part into spherical
polar coordinates yielding, where A denotes longitude,
¢ denotes latitude and ¢ the radius is taken to be

constant
) 1 04 dB
—Vi=— <—+cos¢——>
dl @ cos’p \ I\ o¢
vV
—29(5in¢V2X+—> (13)
a
d 9B 94 U
—VX= (——cos¢-—>+29(sin¢v2¢/——>
ot a cos?\ O\ dp a
—VHE4+®'+RTyq) (14)
oT 1 a i)
—=— (~UT'+COS¢—VT'>—{— T'Vv2X
ot @ cos’p \Or o
RT ___ _
Yo+ —{(TXAH(V4V)-Vg)  (15)
Cp
ag _ __
—=V-Vg+Vx. (16)
ot
Here
8V RT'  dg g o1y
A=tU~+6—+— cosp——— —, 1n
do a ¢ P 0o
AU RT'9dq g 97
B=tV—6——— —F— —, (18)
do  a O\ py Jo
U+-v?
E= . (19)
2 cos?p

The frictional force F in (5) and (6) has been speci-
fied here to describe only vertical momentum transport
at the surface; horizontal stresses 7, and 7, are speci-
fied as below in a conventional manner at the surface
and in an attempt to describe the turning of the
wind in the lowest model layer have an associated
angle of turn a with respect to the direction of flow
at the lowest model level. (A sing latitudinal weighting
reduces the influence of turning to zero at the equator;
this is especially appropriate in hemispheric integra-
tions where it would be inappropriate to consider
turning of the wind at the equatorial wall. Without
this sing weighting global integrations initialized with
identical flow in each hemisphere will lose their cross
equatorial symmetry.)

Accordingly, 7, and 7, at the lower boundary are.
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specified as

Px — .
To= —————-—Cd\/ZE{ U cosa—V sina sing}
R

*

P

Cd\/ﬁ{ V cosa+U sina sing}.

*

(20)

Ty=—

Here the subscript asterisk denotes the surface value
and T is obtained via logarithmic extrapolation from

the first two full levels. U, V, and VE are taken to
have the values of the lowest full level in the model.
Within the fluid, 7, and 7, are taken to be zero. The
values of coefficient of surface drag C,=0.002 and
a=20° have been employed in this study. [If in (20)
the values preceding the bracket are taken as the
hemispheric means the expressions for 7, and 7, are
linear and the requirement for the sing weighting is
explicitly evident on considering the spectral repre-
sentation of these terms. ]

The quantities U and V appearing in expressions
(13) to (19) are derived via the simple linear rela-
tionship given by (9), which may be rewritten as

cosp d¢ 19X
=— —t-— (21)
a 0d¢ ad\
18y cosgp 9X
= (22)
a o\ e 0d¢

The prognostic equations (13) to (16) and the
diagnostics (4), (11), (21), and (22) constitute the
formulation appropriate for the present study. These
equations retain the character of the form suggested
in I, ie., the derived equations of vorticity and di-
vergence are formulated so that nonlinear products
are formed prior to differentiation. The truncation of
the spectral representation of these equations is
straightforward as all of the prognostic variables
are scalars.

3. The equations of motion in spectral form

The model considers the prognostic variables of ¢,
X, and T in terms of orthogonal spherical harmonics
at each of five levels in the vertical; the diagnostic
variables ®, U, and V are similarly represented at
these levels as in the prognostic ¢ at the surface.
The multilevel confguration, as schematically given
in Fig. 1, considers five full levels at spacings of
Ac=0.2 together with corresponding equispaced
half-levels.

Truncated expansions for the prognostic and diag-
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F16. 1. Schematic of the disposition of the model levels with
respect to the vertical coordinate o. The half-levels denoted by
dashed lines are equidistant in o from the full levels.

nostic variables are required as follows:

I mlgd T ImlT
y=a 2 X ¥y X=a* ¥ X XY
m=—J 1=|m| m=—J l=|m|

+J m|+Jd

T= Z Z Tlmytm;

m=—dJ I=|m|

+J  iml+J

g= 2. X qrm

m=—J l=|m|

+J  m|4J+1 +J  |m|4+J+1
U=ae 3 2 UrYv»m; V=a 3 ¥ Vi&¥m
m=—J l=|m| m=—J I=|m|
+J  Iml+T
d=q® 3 3 IV (23)

m=—1J I=|m|
where

a) the terms ¢,™ and so forth denote time dependent
generally complex expansion coefficients; the
reality of the fields requires ,™)*= (=)™y; ™
and so forth;

b) Y= P,/ (sing)ei™; P,;(sing) is an associated
Legendre polynomial of the first kind normalized
to unity; and :

¢) the wavenumber J denotes rhomboidal wave-
number truncation (Ellsaesser, 1966).

Diagnostic relationships for U;* and V;™ as ob-
tained from the linear relationships (21) and (22) are

Uym= (l— 1)6["‘1[/1_1"‘— (l+2)el+1m¢;+1’”+imxlm
Vir= — (1= DX a™+ (4+2) ey ™ Xy ™ +imay™,

29
(25)

where

em= (2—m?)/ (4P —1).

The hydrostatic relationship as given in (4) may be
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expressed spectrally as

= (26)

The spectral representation of nonlinear products oc-
curring in the prognostic -and diagnostic equations
requires consideration of spectral grid transforms. The
nonlinear products are evaluated on a latitude-longi-
tude grid at each model level; these products then
expressed as truncated Fourier series at each latitude
circle are

oV RT’ dg g O7y +7 )
U+ 6—+—cosp——— —=a . A,em
do a 6@5 P* do m=—4J
U RT' dq g 097, +7
tV—g——— —+——=0a 2 Bne™

m=J

.
E=a® Y, Ee™

m=J

T (27)
UT'=a Y, Fe™

m=J

+7
VI'=a Y. Gpe™
m=—J

T'V2XA+-6y

RT _ +J
FAVXAH(VHV) Vo) = & Hem

Cp m=—J

_ +7
V-Vg= 3 znet™,

m=—J

The diagnostic evaluation of ¢ is required only at
grid points and is not subsequently expressed spectrally.
With additional representations given by

+7 /2
( = / ( YmPre(sing) cosbdd

—n/2

and applied to Em, Hm, and z,, thereby yielding
Em, Hy", and z™, the spectral amplitude tendencies
for the streamfunction, velocity potential, temperature,
and surface pressure (logarithm) are found to be

alﬁzm +7/2 1
) /
at

/2 COS%P

{ imA Py (sm¢)

cospdd

— B, coso

AP (sing) }

20— 1) e™X 1™
+ D)2 e ™= Vi) (28)
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X +riz 1
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at —r/2 COSZ¢
P (sing)
+A4,, cosq&———} cospdep

. ZQ{l(l— 1) €mYr™
+04+1)0+2) epp™prp+ U}

RT,
410+ 1)<Elm+@zm+"2—§’zm> (29)
a

aTlm +r/2 1
=— / [sz P (sing)
at —xj2 COS%D
AP (sing)
—Gn cosqb———————} cospde
+Hm (30)
oq™ —_
a—=zlm—l(l+1)X1m. (31)
i

The integrals occurring in (28), (29), and (30) arise
from the divergence and curl operators in (13), (14),
and (15). The procedure of derivation of these spectral
prognostics parallels the method detailed in I with
respect to the free surface equations. The evaluation
of the integrals proceeds via Gaussian quadrature and

- for this purpose the latitude circles are in fact Gaussian

angles of latitude. This formulation facilitates com-
puter coding as the nonlinear contributions to spectral
tendencies may be accumulated successively at each
Gaussian latitude (Eliasen et al., 1970).

In evaluation of nonlinear products the fields trans-
formed from the spectral to grid point domain, at the
requisite Gaussian latitudes, are V&, V2X, T, U, and V
at each full level and ¢, d¢/dX, and cos¢dq/d¢p. The
nonlinear products require evaluation of vertical de-
rivatives and integrals; the values of ¢, dU/ds, dV /g,

0T/ds, V, V', ¥, and VX are all evaluated by
finite differencing at half-levels. The requisite full-
level values are obtained upon averaging adjacent
half-level values; where appropriate, the products
(e.g., 60U/dg) are evaluated at half-levels prior to
averaging. Logarithmic variation of temperature be-
tween the first two full levels is assumed in defining
3T /90 at the first full and half-levels. .

The spectral amplitudes of the geopotential field
are derived from vertical integration of (26); the
topography, expressed spectrally, defines the lower
limit of integration and successive full levels define
the upper limit. The first two full-level temperatures
are used to define a linear logarithmic dependence
with respect to ¢ from the lower surface to the second
full level for the purposes of this integration; above
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the second full level the half-level temperature is the
average of adjacent full-level values.

For the transform procedure to be equivalent to
that in which spectral multiplications are considered
analytically the grid point resolution must be suffi-
cient to ensure alias free evaluation of all inverse
transforms. As discussed in I, a grid of 2 (S/+1)/2
Gaussian angles of latitude and 2 3J+41 equispaced
longitudinal points is adequate for alias free evalua-
tion of quadratic terms. It is to be noticed however
that the nonlinear terms involving the vertical velocity
¢dU/da, 60V /ds, and ¢y imply triplet products as ¢
itself has a quadratic dependence. In the model as
presently described the grid resolution has been de-
fined so as to provide alias free evaluation of quad-
ratics only; this procedure appears to be satisfactory.

4. Semi-implicit time integration

The highly satisfactory performance of the semi-
implicit time integration algorithm (Robert, 1969) as
used in I strongly suggested its incorporation in the
present model. The extension of the algorithm to the
multilevel domain is non-trivial and the procedure
designed for this model is detailed in the following.

Robert has extended his semi-implicit algorithm for
use in a multi-level finite difference hemispheric model
(Robert et al., 1972); he also reports on semi-implicit
integrations of a multi-level spectral model (Robert,
1970). In these models the thermodynamic equation
is considered at half-levels and the semi-implicit alge-
bra detailed by Robert is not as appropriate with the
vertical disposition of variables where temperature is
carried at full levels. Accordingly, the algorithm pre-
sented below differs from those referred to above;
the present method may be broadly described as
paralleling the free surface equations scheme with
temperature replacing the free surface height.

Before proceeding with the description of the algo-
rithm it is convenient to rewrite the spectral prog-
nostics in a simpler form. The prognostics for the
velocity potential (29), temperature (30) and surface
pressure (logarithm) (31) may be rewritten after some
manipulation as:

m

!
t = x4+ 1)(®+R'Toqi™) (32)
aTlm — — 6T0_
=y +yo(D"— D) +a——D™ (33)
do
6(]17" _
=z"+Drm, (34)
at

where D,»= —[(I4-1)X,” the quantities x,”, y;”, and
z;™ denote the spectral representation of the nonlinear
terms and other terms not explicit here, and R’ de-
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notes R/a¢? The manipulation of the thermodynamic
prognostic equation into this form requires extraction
of the linear components, explicitly given in (33),
from the term ¢y+RT/c,V?X which arises in the non-
linear contribution to the tendency. y=+v,+v’ and
T=Ty+T’ denote global mean values and the devia-
tion from that mean. For clarity of presentation the
superscript m and subscript [ are implied in the fol-
lowing; in addition, matrix representation is employed
with bold type denoting matrices.

The vertical integration of the hydrostatic relation
(26) and evaluation of ® at successive full levels may
be expressed in matrix form as

®=R'AT.

(35)

@ and T denote column vectors of dimension given
by the number of levels NV; A is a square matrix of
dimension VXN whose elements are as described in
Appendix A.

The vertical integration and differencing required
in the thermodynamic equation may also be written
in matrix form and the temperature prognostics
represented as

aT

—=y+4A¢GD, (36)
EY

where y and D are N-dimensional column vectors,
and the G matrix defines, as described in Appendix A,
the finite difference representation of 70(5—5”)
+a(8To/00)D.
Application of the operator R’A to both sides of (36)
yields
o

—=R'Ay+AcR’AGD.
ot

(37)

The divergence equation and surface pressure prog-
nostic similarly represented are

aD

—= x+1(1+1)(@+R'Tog) (38)
dq

—=z+AcsID, (39)
ot

where, as indicated in Appendix A, I is the transpose
of a unit vector of dimension .

The finite time differencing of equations (37), (38),
and (39) may now be defined in terms of the widely
used centred (leap-frog) scheme and the semi-implicit
operator, given by Robert (1969), as follows:

P =@+ AR’ Ay +AIAGR'AG (D™14-D™1),  (40)
D= D14 241+ Al I+ 1) { (@™ 4+ D7)

+R'To(g™ g™}, (41)

gmH= g4 2A1+ AIAA (D™D 1), (42)
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TasLe 1. Amplitude and phase speed of analytic
streamfunction wave.
24 Hours 96 Hours
Av. phase Av. phase
Ampli-  speed Ampli-  speed
tude  deg. per tude deg. per
Level km?sec?  day km? sec™!  day
c=0.1 39.84 9.56 34.75 9.26
=03 39.84 9.23 38.19 9.10
a=0.5 40.02 8.99 40.01 9.00
o=0.7 40.19 8.86 40.87 8.98
=0.9 40.34 8.82 40.80 8.94

These three equations now embody three unknowns
and may be solved. The procedure adopted is to
substitute for ¢7*! and ®™*! in (41) as follows

DrH=D142Ax+ Al (I4-1){2®714-2ALR’ Ay
+AtAcR'AG (DD )} +AU(+1)
X R'To{2¢" 4 2A1z+ AtAL (D™H 4D 1)}, (43)

Further arrangement yields, with 1, denoting a unit
matrix

{(1—A2I1+1)R Ac (AG+T,I)} D7+
= (14A2L(+1)R'Ac (AG+T, D)} D—14-2A1x
200 (4 10){ @+ AR’ Ay+ R (4 Atz) To}.  (44)

The solution for D' can be seen to involve the
inversion of the coefficient matrix on the left-hand
side of (44); in practice the solution is obtained by
means of Gauss elimination and complete pivoting.
With D7+ available, ¢™ is obtained from (42) and
T is obtained most conveniently from (36) ex-
pressed as

TrH=T42Aly+AcAIG{D14+D71}.  (45)

The prognostic sequence requires application of the
above algorithm for each spectral degree of freedom;
as the quantity D is generally complex, this requires
~2J% solutions via Gauss elimination per model
time step.

5. Model computer coding

A computer code has been developed to numerically
integrate the spectral tendency equations (28) to (31).
The code employs the fast Fourier transform sub-
routines of Brenner (1969) and the procedures of
Belusov (1962) for generating the associated Legendre
polynomials (as in I).

The five-level J=15 model requires 13 min to
perform a 24-hr (A/= 3600 sec) hemispheric integration
on the Melbourne World Meteorological Centre IBM
360/65 computer; the model is coded in Fortran and
employs the level-H compiler. The semi-implicit time
step algorithm represents an overhead of ~59%, per
time step relative to an explicit time step scheme.
The model is coded for global or hemispheric integra-
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tions at a maximum resolution of J=15 and requires
185 K bytes of core memory and little or no peripheral
usage; in hemispheric integrations the hemispheres are
considered to be identical and the computation time
is accordingly half that of the global integration. The
transform grid in J=15 hemispheric integrations
comprises 20 Gaussian latitudes and 48 equispaced
longitudes.

All calculations to be discussed have employed zero
topography, ie., the o¢=1 surface defines mean
sea-level.

6. Model integration with analytic initialization

A first evaluation of the model integrations em-
ployed an adaptation of the analytic initialization
suggested by Phillips (1959) for use in free surface
model integrations (as used in I). The model was
initialized with the same analytic flow pattern at all
levels, as isothermal throughout, and as inviscid, i.e.,
the dissipative surface drag was omitted as were also
the subsequently described divergence dissipation (see
Section 7. @) and sub-truncation-scale parameterization
(see Section 7. b).

The detail of the analytic specification is given in
Appendix B; it suffices to note here that the analytic
non-divergent barotropic solution yields a wave trav-
elling at a constant phase speed of 9.6° per day with
constant wave amplitude. With this initialization the
multilevel model would be expected to evolve initially
as though barotropic and non-divergent with devia-
tions arising as the model divergence grows and
vertical shears develop. The model was integrated, in
a hemispheric mode, at a resolution of J=15 to 96
hours via the semi-implicit scheme using one-hour time
steps. The wavenumber 4 streamfunction amplitudes
at 24 and 96 hr and the average phase speeds in these
time intervals are given in Table 1; the initial stream-
function amplitude of wavenumber four at all levels
was 40.23 km? sec™.

The amplitude and phase speed at 24 hr, averaged
over the five levels, are 40.05 km? sec™ and 9.1° per
day respectively. This response is considered satis-
factory in terms of horizontal advection; the numerical
phase speed is as might be anticipated from the free
surface model behavior discussed in I, less than the
analytic value. It is seen in Table 1 that the wave
amplitude is maintained at lower levels while the
phase speed approaches the analytic solution with
increasing level height. (J=15 is considered an ade-
quate resolution for such an analytic wave integration
on the basis of the free surface integrations of Puri
and Bourke (1974a). The highly oscillatory and trun-
cation dependent behavior of J=13, as observed in the
above-cited free surface integrations, persists also in
the multilevel model.)

This analytic initialization has treated the atmo-
sphere as adiabatic and inviscid and the extent to
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which the model integrations satisfy, among others,
principles of conservation of energy, angular momentum
and mass, is of importance. The conservation princi-
ples may be expressed as constraints on the integrals
over the mass field of the fluid of the quantities,
given per unit mass, of

U4V
Energy=——+4+%+4¢,T
2 cos?¢p
and

Angular momentum=a(U+Qa cos?p).

Conservation of mass is measured by the constancy
of the mean surface pressure in the model.

The energy and angular momentum integrals may
be expressed spectrally as

Energy/Unit mass

= sz*‘Ezm-FCI’lm“i-'—Tl’”}aU
V2po® S m=— 1=|m]

(12
Angular momentum/Unit mass

|m ]+

a’ l: 7
= > > pm™Umoe
V2" /m=—J 1=m| P

2 1 /8
vollope—t )]
3 3\s

For these diagnostic purposes its necessary to
evaluate the spectral representation for p,,

+J ImitJ

Px= 2 X pmY,m

m=—J l=|m|

The amplitudes are obtained after a spectral to grid
transformation of logp,, exponentiation and subsequent
inverse transformation; this calculation is clearly more
complex than just quadratic and is of course aliased
in the spectral grid transform which is designed to yield
alias free evaluation of quadratics.

The global integrals of total energy, angular mo-
mentum, and mass varied in the 96-hr period of
integration by —0.013, 40.170 and —~0.027 percent
respectively; the angular momentum conservation
ignores the constant contribution proportional to Qa2
which here is an order of magnitude larger than the
other two contributing terms.!

! During the 96-hr period the changes in kinetic energy and
potential energy relative to the initial total energy were -0.00877,
and —0.022%, respectively. The potential to kinetic energy con-
versions do not balance exactly although further perspective on
this aspect of model performance is obtained via integrations
initjalized with real data sets such as described in Section 8. With
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The degree to which the model satisfied the above
conservation principles was considered satisfactory.
The model formulation offers no guarantee of con-
servation such as in models expressed in the flux
form and it is to be noted that the present spectral
algebra admits aliasing via triple products in those
terms involving vertical advection and via the spectral
evaluation of the key diagnostic quantity p, as men-
tioned above.

As with the free surface model integrations, de-
scribed in I, there was no manifestation of a computa-
tional mode in time in 96-hr integrations; a one-
sided forward step was employed upon commencement
of the integration only.

7. Model integrations with Southern Hemisphere
data initialization

The model has been initialized with spectral analyses
of Southern Hemisphere data sets. For this purpose
a spectral analysis code was developed whereby nu-
merical analyses of the form used by the Melbourne
World Meteorological Centre could be transformed to
the spectral domain at each of the requisite o levels.

The experimental integrations to be described have
been initialized from Southern Hemisphere data sets
from the GARP observing period of November 1969.
The detail of the numerical analysis and subsequent
spectral analysis is given in Appendix C. It suffices
to note here that output from the spectral analysis
consists of temperature and derived fields of vorticity
and divergence together with the surface pressure
(logarithm); all fields are expressed spectrally up to
a resolution of J=15. As analyzed the divergent wind
component cannot be considered seriously and it has
been explicitly put to zero prior to all integrations.

The calculations have employed the semi-implicit
time integration scheme with Ai= 3600 sec; a forward
(semi-implicit) time step was employed at =0 and
there was no requirement for suppression of a com-
putational mode in these 48-hr integrations.

the model considered as non-dissipative and initialized from 00Z
3 November 1969 an integration to 96 hr (J=15 and Az=23600
sec) yielded changes in kinetic and potential energy relative to
the total initial energy of 4-0.028%, and —0.0499, respectively.
On relaxing the constraint of a logarithmic dependence of tem-
perature with respect to o from the lower surface to the second
full level and assuming an isothermal temperature dependence
below the first full level a repeat calculation to 96 hr yielded
changes of kinetic and potential energy relative to the total
initial energy of +0.029% and —0.033%,. The performance with
the logarithmic constraint is clearly less satisfactory from the
imbalance point of view but the dynamic significance of such
imbalances is considered unimportant as a root-mean-square
difference of the two prognosed 96-hr mean sea-level pressure
fields is only 0.68 mb. Accordingly the more realistic logarithmic
constraint has been employed throughout these studies. (The
conversion imbalance in the analytic integration is not improved
upon relaxing the logarithmic dependence and inserting an iso-
thermal lower layer).
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F16. 2a. Zonal average of the surface pressure (relative to a
hemispheric mean of 1009.5 mb) at latitude 45S as a function of
time for 48-hr integrations with: (a) basic model; (b) divergence
diffusion (after Sadourny, 1973); (c) dynamic initialization (after
Nitta, 1969); (d) divergence dissipation on all scales; (e) diver-
gence dissipation on zonal scales only.

a. Model initialization

The atmospheric state specified by the numerical
analysis can be considered as being in a state of gross
dynamic balance. However, as commonly cited some
care in initializing fields of primitive equation models
is highly desirable if not essential.

The procedure of explicitly putting to zero the
analysed divergence has been found in these integra-
tions to be highly beneficial; growth of spurious large
scale disturbances in low latitudes is prevented by
this device. However, the characteristic inertia-gravity
imbalance oscillations common to most primitive equa-
tion models (Haltiner, 1971) still persist.

In attempting to improve the initialization and
remove spurious model responses, several procedures
examined have been: A) dynamic initialization (Nitta,
1969); B) forced geostrophic adjustment via diver-
gence diffusion after Sadourny (1973); and C) diver-
gence dissipation.

The dynamic initialization scheme employed 24 cy-
cles of the iterative algorithm (Af=600 sec) given by
Nitta (1969); at the completion of each cycle the
surface pressure field was restored. For these iterative
calculations only, the analyzed divergence was not
put to zero.

Sadourny’s forced geostrophic adjustment corre-
sponds to the inclusion in the prognostics for momen-
tum of a slightly nonlinear eddy diffusion term sen-
_sitive to the irrotational wind only. This is not simply
incorporated in the spectral algebra and accordingly
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F16. 2b. Zonal average of the surface pressure (relative to a
hemispheric mean of 1009.5 mb) at latitude 45S as a function of
time for 48-hr integrations with divergence dissipation (K=0.50
X107 sec™), via (f) explicit time integration (A¢=600 sec);
(g) semi-implicit time integration (A#=600 sec); (h) semi-implicit
time integration (A¢=3600 sec).

a linearization of Sadourny’s scheme has been mod-
eled; this linear form is equivalent to incorporating
an additional term in the divergence prognostic equa-
tion (14) of the form +KV2(V2X). A value of K=7.5
X10% m? sec™ was employed but only on scales of
motion for which the wavenumber /< 15; this restric-
tion to larger scales facilitated the use of larger K
values and was considered appropriate in view of the
large scale nature of such oscillations.

The divergence dissipation algorithm has been ar-
rived at the present study on the basis that a term
of the form —KD added to equation (14) would be
more appropriate than a linearization of the term
suggested by Sadourny; this divergence dissipation is
not weighted in influence to the smaller scales of
motion and should be more suitable in handling large
scale model oscillations. Accordingly calculations in-
corporating divergence dissipation were performed.

Figure 2a displays the model response during 48-hr
integrations from 00Z 3 November 1969; the zonal
average of the surface pressure at 435S is plotted at
hourly intervals.

Curve (a) denotes a calculation employing no special
procedure other than zeroing of divergence prior to
integration. Curve (b) denotes the calculation em-
ploying a linearization of Sadourny’s scheme. The
contribution of KV?(V2X) to the divergent tendency
is evaluated at time step 7—1, i.e., via the simple
forward time step, which is conditionally stable; the
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value of K=7.5X10® m? sec™'. Curve (c) denotes a
calculation initialized via dynamic initialization of
24 cycles with surface pressure restoration. Curve (d)
denotes a calculation employing divergence dissipa-
tion. The contribution of —KD to the divergent tend-
ency is evaluated at time step 74-1, i.e., via the back-
ward implicit scheme which is unconditionally stable;
the value of K=5.0X10"* sec! for the first 12 time
steps, 0.50X107* sec™ for the next 12 time steps and
thereafter 0.05X10~* sec™'. Curve (e) denotes a cal-
culation as with curve (d) but with the dissipation
of divergence applied only to tendencies of zonal
divergence components.

All calculations of Fig. 2a employed semi-implicit
integration with one-hour time steps. In addition,
diffusive parameterization of sub-truncation-scale ef-
fects as described in the ensuing Section 7. b was also
incorporated in these calculations.

The highly oscillatory response of the model inte-
grations is evident from Fig. 2a, as is the comparative
performance of the various procedures. The most satis-
factory of these schemes in suppressing these spurious
oscillations is that employing divergence dissipation,
i.e., curve (d). The restriction of divergence dissipa-
tion to zonal scales produces only a minor deterioration
in this improved model response.

On the basis of these results the inclusion of dis-
sipation of divergence has been considered a satis-
factory method of controlling spurious model oscilla-
tions of the type evident in Fig. 2a. There is no
evidence to suggest that inclusion of such a term has
adverse effects, although its full impact in the more
recent version of the model, incorporating moist proc-
esses, has only been partially tested.

A comparison of verifications of the 24- and 48-hr
predictions with divergence dissipation, curves (d)
and (e) of Fig. 2a, indicated a quantitative loss of
predictive skill upon restricting the divergence dis-
sipation to zonal scales only. This suggests that there
is scope for optimization of the scale dependence of
this dissipative mechanism although this has not been
studied here. (The time variation of the K value as
specified is discontinuous and although it could more
properly be made continuous it has been taken as
for curve (d) in the following prediction experiments.
It did not seem especially appropriate to dwell on
such optimization as it was envisaged in the realistic
use of the model for an analysis prognosis cycle that
the requirement for the initially high K value would
be relaxed.)

The restriction of divergence dissipation to zonal
scales of divergence is equivalent to the incorporation
of a term of the form — K7, where # denotes the zonal
average of meridional velocity, in a prognostic for the
meridional wind; at the author’s suggestion this pa-
rameterization has been included in the semi-spectral
forecast model of Voice and Hunt (1974) and found
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to be quite effective in controlling spurious oscillations
of the type discussed.

The amplitude of these oscillations is independent
of the time integration algorithm and time step al-
though the oscillation frequency is a function of time
step. Figure 2b displays the model response, as in 2a,
for three additional integrations.

Curve (f) denotes a 48-hr integration incorporating
divergence dissipation on all scales. The contribution
of —KD is evaluated at 7+1 and the value of K=0.50
X107 sec™’. An explicit time-step of Al=600 sec was
used for this integration.

Curve (g) denotes the same as curve (f) but with
a semi-implicit time integration and A/=600 sec.
Curve (h) denotes the same as (g) but with Af
= 3600 sec. The most pronounced difference in these
latter three calculations, as shown in Fig. 2b, is the
lower frequency of oscillation with the larger time step.

It is appropriate to present here a quantitative
comparison of the semi-implicit and explicit (leap-frog)
time integration algorithms. The root-mean-square
differences, over the hemisphere, between 48-hr pre-
dictions of the mean-sea-level pressure fields via:

A) a semi-implicit scheme with Af=600 sec and an
explicit scheme with Af= 600 sec; and

B) a semi-implicit scheme with Af= 3600 sec [curve
(d) of Fig. 2a] and a semi-implicit scheme with
At= 600 sec

were found to be 0.06 and 0.42 mb respectively.
[These three integrations all employed the same
divergence dissipation, i.e., as per curve (d) in Fig. 2a.]]
These quantitative comparisons confirmed the visual
evaluation that the explicit/semi-implicit differences
are meteorologically unimportant at 48 hr for these
integrations.

b. Sub-truncation scale parameterization

In the course of the numerical prediction experi-
ments it became evident that some parameterization
was required to inhibit spectral blocking, i.e., growth
of amplitude at small scales in the dynamic model
variables (see Puri and Bourke, 1974a). Accordingly
the commonly employed diffusive parameterization was
incorporated in the prognostics for vorticity, tempera-
ture and surface pressure as follows:

)
—VH= - - -+ K g VE(V+2¢/a%)

at
oT
—_—— e +KHV2T
at
9q
—_—==e +K;1Wq.
ot
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There appeared to be no reason to include a diffusive
term of the type described here in the divergence
prognostic in view of the divergence dissipation pa-
rameterization described in Section 7. @ above.

The value of Ky was here taken to be 2.5X10°
m? sec™! and the contribution to the tendencies some-
what arbitrarily was restricted to scales for which
wave number [>15, i.e., for those components in the
upper half of the rhomboid in -/ space. These dif-
fusive contributions to tendencies were evaluated via
the forward time-step scheme. It should be noted
that there is no numerical requirement for the in-
clusion of these diffusive terms, i.e., the parameteriza-
tion is not controlling numerical instabilities.

8. Southern Hemisphere numerical prediction

Numerical integrations were performed initializing
from fifteen southern hemisphere analyses for 00Z
3 November 1969 to 00Z 17 November 1969. The
integrations employed one-hour time steps, via the
semi-implicit algorithm and the analyses, integrations,
and verifications all employed spectral truncation
of J=15.

An initial set of integrations, subsequently denoted
as A, was performed without divergence dissipation
or sub-truncation-scale parameterization and with the
surface stress evaluated as linear terms, i.e., with the
pre-bracket terms in (20) taken as hemispheric mean
values. The second set of integrations, subsequently
denoted as B, incorporated divergence dissipation,
sub-truncation-scale parameterization and nonlinear
surface stress.

While realizing the inadequacies of the data base
of these analyses, an attempt has been made to quan-
tify the predictive skill of the calculations. Accord-
ingly 24- and 48-hr verifications have been extracted
spectrally over the hemisphere; the average over 15
days for persistence and both the A and B integra-
tions of the root-mean-square differences for the sur-
face pressure, the streamfunction at ¢=0.5 and the
vorticity at ¢=0.5 are presented in Table 2. It is
evident in this table that the B integrations yield
improvements over a persistence forecast both in the

TaBLE 2. Root-mean-square differences
time averaged.

Stream-
Mean sea- function® Vorticity
level pres- (km? sec™) (10~ sec™)
sure {mb) o=0.5 a=10.5
24 hr 48 hr 24 hr 48 hr 24 hr 48 hr
Persistence 597 721 6.37 17.719 0.228 0.244
5.60 7.44 564 6.82 0.192 0252
B 524 6.79 509 649 0.167 0.206

* The rms of the streamfunction in equivalent dekameters is ob-
tained by multiplying the value in km? sec™? by 0.7; this is based
on the linear balance relation with f evaluated from an area aver-
age values of ¢=230°
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F1c. 3. Time-averaged (15 days) spectral amplitudes of surface
pressure. The thick solid line denotes spectra of analyzed fields;
the dashed line denotes spectra of the A integrations, the thin
solid line denotes spectra of the B integrations.

MSL and ¢=0.5 fields and that they are superior to
the A integrations.

Some indication of the predictive performance of
the model, as viewed in the spectral domain is given
by the time averaged planetary wave spectra of the
15 prognosed 48-hr fields from both the A and B
integrations and of the 15 verifying analyses. The
planetary wave amplitude is here taken as the wave
amplitude at each wavenumber m summed over all /;
the surface pressure planetary wave amplitudes,
averaged over each of the fifteen fields are presented
in Fig. 3.

A comparison of the spectra for the integrations A
and B indicates that the inclusion of divergence dis-
sipation and sub-truncation-scale parameterization
constrains the smaller scale amplitudes to be akin to
that of the observed. (The additional difference be-
tween the A and B integrations in the formulation
of the surface stress is not considered important in
the present context; it would be expected that the
additional nonlinearity in the B integrations through
the nonlinear formulation of the surface stress would
if anything enhance the growth in amplitude at small
scales). A loss of amplitude at larger scales is quite
evident however in the B integrations. From a veri-
fication point of view both visually and quantitatively
the under-estimation of large scale amplitude appears
to be more acceptable than over-estimation of small
scale wave amplitude. Tt is anticipated that the under-
estimation of large scale wave amplitude may be less
serious with increased resolution in the horizontal;
Miyakoda ef al. (1971) find improved maintenance and
prediction of long waves with increasing horizontal
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resolution and the truncation results of Puri and
Bourke (1974a) also suggest that maintenance of
large-scale planetary wave amplitude becomes much
more effective with increasing horizontal resolution.
In addition the requirement for sub-truncation-scale
parameterization would be relaxed with higher resolu-
tion and the extent to which this parameterization
reduces large scale amplitude would be similarly
reduced.

The contribution of divergence dissipation to the
loss of large scale amplitude has not been isolated.
A more comprehensive evaluation of this formulation
would be more properly undertaken as mentioned
earlier in the context of an’analysis-prognosis cycling
scheme where the present requirement for an initially
high dissipation coefficient could be relaxed; in the
present experiments it seemed, as already described,
appropriate and beneficial quantitatively to eliminate
spurious model response via this procedure.

One example from the 15 prognoses (B model inte-
grations) is given in Fig, 4; the MSL and the stream-
function and vorticity at ¢=0.5 of the initial analysis
(00Z 4 November 1969), of the verifying analysis
(00Z 6 November 1969) and of the 48-hr model prog-
nosis are shown. The quantitative verification for this
48-hr prognosis is given in Table 3 to indicate the
performance relative to the averaged verifications of
Table 2; quantitatively this prognosis gives slightly
greater improvement relative to persistence than on
average although the absolute error values are larger
than on average.

The passage of a trough-ridge system across the
southern Australian continent during the prognosis
period is well captured by the model both at the
surface and at the ¢=0.5 level as seen in the stream
lines and cyclonic vorticity centres; the prognosed
ridging in the Great Australian Bight evident in all
displayed fields is excessive. The blocking nature of
the high pressure anticyclone in the New Zealand
area is maintained as indicated by the persistent split
current in the ¢=0.5 streamfunction. The amplitude
of the two troughs at MSL in the Indian ocean is
reasonably maintained although the secondary de-
velopment south of the African continent, evident in
the vorticity analysis, is not captured. The subtropical
ridge in general is reasonably well positioned although
there is a loss of intensity, especially in the eastern
Pacific. There is a tendency to high latitude ridging
which could only be considered as highly coupled to
the weakening of the subtropical ridge.

9. General comments

The integrations described in the present study
have been conducted with a model simulating limited
aspects of the atmospheric dynamics. The influence
of moisture, radiative processes, topography and con-
vection are the more notable omissions.
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TasrLe 3. Root-mean-square differences. 48-hr prognosis from
00 GMT 4 November 1969.

Streamfunc-
Mean sea- tion Vorticity
level pres-  (km?sec™) (1074 sec™?)
sure {mb) =05 a=0.5
Persistence 8.16 8.83 0.280
Model B 7.26 7.12 0.233

There is in principle no guarantee that the model
as described will maintain static stability. Indeed in
the course of some of these integrations the numerical
value of the static stability was seen to have negative
excursions at several grid points towards the latter
stages of the 48-hr period; this effect was a little
more pronounced upon the inclusion of divergence
dissipation. However, from the point of view of nu-
merical model stability the onset of static instability
was not of any real significance; in fact model inte-
grations to 12 days from 00Z 3 November 1969 were
numerically well behaved although becoming unac-
ceptable synoptically. Phillips (1970) has noted that
static instability in a hydrostatic atmosphere is un-
bounded and here the synoptic deterioration of a
12-day integration although slow is interpreted partly
in terms of an inevitable increase of static instability
in the model.

The requirement for a surface stress in the model
was apparent in integrations beyond 3 or 4 days; the
surface stress inhibits over-intensification of systems
as manifest in the MSL charts and prevents con-
sequent excess growth of kinetic energy at the lowest
model levels.

A moisture prognostic including a precipitation cal-
culation and parameterization of dry and moist con-
vective adjustment has been included following the
scheme of Manabe et al. (1965) and experiments with
the moist version of the model are currently in process
(Puri and Bourke, 1974b).

Numerical integrations including topography and
via the semi-implicit algorithm (A¢=3600 sec, J=15
from 00Z 3 November 1969) have been performed.
The topography employed is rather smoothed and is
expressed spectrally (McAvaney, 1973); integrations
to 96 hr are numerically well behaved although the
topographical influence on prognosis detail has not
been evaluated as yet.

Global model integrations have been performed
initializing from data sets for December 1967 as used
and made available by Baumhefner (1972); these in-
tegrations will be reported upon in the near future.

10. Conclusions

The formulation of a primitive equations multi-level
spectral model of the atmosphere has been presented
extending the previously reported approach of the
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F16. 4. An example of a 48-hr prognosis. From left to right the fields displayed are mean sea level pressure, the ¢=0.5 stream-
function and ¢=0.5 vorticity; from top to bottom the fields are the initial analyses for 00Z 4 November 1969, the verifying analyses
for 00Z 6 November 1969 and the 48-hr numerically predicted fields for 00Z 6 November 1969. Cross-hatching of vorticity denotes
cyclonic centres with vorticity <—0.20X 107 sec™.

author employing vorticity and divergence as dynamic to be meteorologically equivalent to explicit time
variables. integration at least to 48 hr. It is implemented with

An algorithm to incorporate the semi-implicit time little computational overhead thereby greatly en-
integration scheme has been presented and it is found hancing the model efficiency.
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The suggested analytic initialization provided a pro-
cedure for establishing model performance with respect
to horizontal advection and to conservation of mass,
angular momentum, and total energy. The conserva-
tion of these quantities was considered to be satis-
factorily maintained although the qualifications of
footnote 1 with respect to energy conversions should
be noted.

Integrations with Southern Hemispheric meteorologi-
cal data sets have been performed and a simple ini-
tialization combined with divergence dissipation has
been shown to be an effective means of controlling
a commonly cited but spurious and undesirable model
response.

The detailed verifications of 15 prognoses have
shown on average improvements over persistence for
the Southern Hemisphere at 24 and 48 hr; this quan-
titative gain in predictive skill is visually identifiable,
as in the prognosis example presented, and the model
predictions are meteorologically informative and useful.
The efficiency of the model is such that it could be
readily implemented operationally.
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APPENDIX A

1) The geopotential may be obtained from vertical
integration of the hydrostatic equation; the model
requires geopotential values at full levels and the
temperature dependence below the lowest full level
thus requires specification. A linear logarithmic de-
pendence with respect to o is assumed between the
lowest two full levels and the temperature dependence
below the lowest full level is obtained from loga-
rithmic extrapolation to the ground.

The dependence of T' on ¢ in the range of levels
1 to 2 is defined as T=c+bIno; ¢ and b may then
be found from

Ty=c+b Ino,
Ti1=c¢+bno,.

With this representation of T up to level 2 the hy-
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drostatic relation may be written as:

ad

= —R(c+b Ino)
d Ino

and ¢; for i=1 and 2 then obtained as:

—R Ino [ (lno; Ine;
q>i=—————U —lnw}T1+T2{ln01— }]
Ingi/o 2 2

Above level 2 the temperature between successive
levels is simply averaged and &, for :>2 obtained as

TiA4Tin

B —B,_y= —R——— In(oi/0s1).
2

Turther manipulation of these expressions allows
matrix representation of the form

®=RAT

with the elements of A obtained as shown. [If topog-
raphy, denoted by &, is to be considered

&= RAT+, I*

where I* denotes a unit vector of dimension N. This
only introduces modification to the implied definition
of x in (38).]]

2) The quantity 70(D—D")+oaT0/aaD as evalu-
ated at each level using finite differences may be
represented in matrix form. The following detail con-
siders the simplest case of uniform spacing of levels
in the vertical.

Finite-difference representation of vertical integra-
tion, as defined in (12), vields at level j

— N D;
(D——D )]'= AO’Z Di—AO‘?,
i=j

where

E= Ao Z Di,

and thus the required expression may be written at
each level as

D, ~ oTe\ W
AU[(‘YO)1<——+Z Di>+<fj<~) 2 D«:l
2 = do / ji=1
Regrouping, this reduces to:
Yo 8T
Al G) G
2/; do /;

JoorsolZ)] £ () £ 0,

a =i+l (G<N) do / ;=1 >D

Denoting_ c;(8T/dc); as b; the term —yo(ﬁ—f)d)

. +00T/d6D in matrix form may be expressed as

AcGD where the elements of the N X N matrix are
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seen from above to be
o ]
(—2—> +b (‘Yo)l'l‘bl (70)1+b1 (‘Yo)l+bl (70)1+b1
1
Yo\
by <—2—> +bs  (yvo)atb:  (yo)etb:  (vo)aFbe
2
Yo
G= b3 by <‘2—> +b3 ('Yo)3+bs (’Yo):;‘H?s
3
Yo
by by by (—> by (yo)satbs
2/,
Yo
] bs bs b; b; <-—> +b5
L 2/s )

3) The quantity D occurring in the surface pres-
sure prognostic is approximated as

D=

where Ac¢ indicates the simplest case of uniform level
spacing in the wvertical. In matrix form the above
becomes:

D=AdID

where I is a row matrix of dimension & with elements
of unity, i.e., the transpose of a unit vector.
APPENDIX B
Analytic Initialization
The Phillips streamfunction is given by
Y= —a%w sing+a’* cosfep cosRA.

For the present purposes the values chosen are as
used in I and by Grimmer and Shaw (1967):

The non-divergent analytic phase speed as given by
Phillips is

y={R(R+3)w—20}/ (R+1) (R+2)=9.6° per day.

It remains to define an isothermal atmospheric tem-
perature 7=266.4 K and the mean surface pressure
as 1000 mb. A balance condition may be obtained
from (32) as follows

oD
(fOl‘ > O) —a—_: 0= xl’"+l(l+ 1)(®LM+R,TQQL'"),
4

where ®;™ is initially zero and ¢/™ may be thereby

diagnosed. This diagnostic parallels the analytic ex-
pression for the mass field given by Phillips provided
the nonlinearity of x;™ is resolved.

The amplitude referred to in Table 1 is the quantity
Ys! in units of km? sec™!; the above Phillips stream-
function may be equivalently written in terms of
P{°(sing) and Ps+(sing)et,

APPENDIX C

The numerical analysis scheme is similar to that
used by Gauntlett e/ al. (1972) and is the basis of
numerical representation of the GARP November 1969
data sets. This numerical analysis scheme is opera-
tionally used at the Melbourne WMC.

The numerical analyses on a 47 X 47 stereographic
projection of the Southern Hemisphere required:

i) digitization of the MSL and 3500-mb geopoten-
tial analyses as drawn up by Phillpot e ol
(1971);

ii) all available conventional data; and

iil) preliminary guess fields of:

a) individual thickness and temperature below
500 mb from implied 1000-500 mb thickness
and climatological statistics for latitudes
poleward of 15S;

individual thickness and temperature above
500 mb obtained statistically by extrapola-
tion from 500 mb for latitudes poleward of
15S (Seaman, 1972);

climatological specification of winds and tem-
peratures equatorward of 15S and gradient/
geostrophic specification of winds poleward
of 25S; between 15S and 255 a weighted
combination of climatology and gradient
geostrophy to specify the winds.

b)

©)

The numerical analysis scheme provides at standard
levels temperature, winds, and surface pressure.
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Spectral analyses of these fields are obtained by:

1) horizontal interpolation to a latitude-longitude
grid with the latitudes chosen as Gaussian
angles;

i) vertical interpolation to the requisite ¢ levels;
and

ii1) Fourier and associated Legendre transforms of
these grid point fields.

The fields of temperature and surface pressure,
vorticity and divergence are thus obtainable in spectral
form. The derived wind fields are obtained by evalu-
ating the spectral representation of:

1 /av U
i) ¢= (——COS¢~—>;

a cos?p\ I ¢
and
1 aU 1'%
i) D= <——+cos¢-——>.
a cos’d \ O\ d¢p

U and V here are of course the numerically analyzed
eastward and northward wind respectively weighted
by cos(latitude).

Spectral analyses were thus obtained for the 17 days
00Z 3 November 1969 through to 00Z 19 November
1969; these analyses defined spectral amplitudes to
a resolution J=15.
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